We investigate the ability of the reference hypernetted-chain integral equation to describe the phase diagram of square-well fluids with four different ranges of attraction. Comparison of our results with simulation data shows that the theory is able to reproduce with fairly good accuracy a significant part of the coexistence curve, provided an extrapolation procedure is used to circumvent the well-known pathologies of the pseudo-spinodal line, which are more severe at reduced width of the attractive well. The method provides a useful approach for a quick assessment of the location of the liquid-vapor coexistence curve in this kind of fluid and serves as a check for the more complex problem of anisotropic "patchy" square-well molecules.
Introduction
Structural and thermodynamic properties of the square-well (SW) fluid have been studied with a huge variety of statistical mechanical methods. This system has long been viewed as the simplest nontrivial model able to capture the main phenomenology of real atomic fluids by complementing hard-sphere repulsion with a finite-range and constant attractive well [1] . Almost all theories for the liquid state have been applied to the study of the SW fluid and many numerical simulation studies have been published [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] , transforming this system into an important testbed for theories [2, 15, 16, 17, 18, 19, 20] .
More recently, the study of colloids and protein solutions has renewed interest in SW fluids as a tool to study trends and general features of strongly localized isotropic attractions. However, more detailed investigations of such systems suggest that the isotropic model should be modified to account for highly directional (patchy) interactions [21] . The recent model studied by Kern and Frenkel [22] can be described as a SW model where the potential well has finite angular extent as well as finite radial extent.
A key problem with such patchy fluids is the determination of their phase diagram. Specialized computer simulation methods have been developed to allow efficient and reliable determination of liquid-vapor coexistence. While applications to atomic systems is nowadays an almost trivial exercise, numerical simulation in the presence of highly attractive and directional forces is still a challenging and time-consuming task. Theoretical modeling, albeit approximate, may provide a worthwhile tool for faster and wide-ranging scans of the relevant parameter space. For such purposes, perturbation methods have been used extensively in the past, but their accuracy in the presence of strongly directional attractions is not uniform. Alternatively, modern integral equation theories are known to provide reliable and accurate description of structural properties for isotropic [17, 23] as well as anisotropic potentials [24] . It is true that in the vicinity of a liquid-vapor critical point they manifest shortcomings ranging from branching of multiple unphysical solutions [25] to wrong critical behavior [17] . Notwithstanding such limitations, we believe that integral equation approach is still able to provide a quick and reasonably reliable description of the phase diagram. Although results for fluid-fluid coexistence from modern integral equation theories are relatively scarce, the existing evidence shows that they may provide an accurate description of the low temperature part of the binodal curve and, by extrapolation, make it possible to approximately locate the critical point in one-component [17, 26] and two-component systems [27] . More accurate approximations, such as SCOZA or HRT, have been applied to the SW fluid [19, 20] , but their implementation for anisotropic interactions is not an easy task.
Motivated by an interest in applying the reference hypernetted chain (RHNC) approximation [23] to simple anisotropic models of patchy colloids, as a preliminary step we wanted to understand the limits and shortcomings of the integral equation approach to such systems. For this reason, we have undertaken here the study of the liquid-vapor coexistence of an isotropic SW fluid, the extreme limit of patchy SW potentials, using the RHNC approximation.
The RHNC approximation has been used before to study SW fluids [16] but, so far as we know, it has not been used to study phase coexistence in such systems nor it has been tested at temperatures below the critical temperature. In this communication, we report results for structural properties and liquid-vapor coexistence of a few SW fluids of varying attraction range.
The plan of the paper is the following: In section 2, we summarize the basic RHNC theory and discuss the computational details of our calculation of the phase coexistence curve. Results are presented and critically discussed in section 3. A short summary of our findings and conclusions is assembled in the final section.
RHNC theory and phase coexistence calculations
We consider a system of spherical particles of diameter σ interacting via a pair-wise square-well potential φ(r) given by
where ǫ is the depth and λ the dimensionless extent of the potential well.
Reduced temperature and density are introduced as usual using ǫ and σ as energy and length scale respectively: T * = k B T /ǫ, ρ * = ρσ 3 .
RHNC integral equation
The pair distribution function g(r) of a classical fluid is related to the pair potential φ(r) by the exact relation [28] 
where β = 1/k B T is the inverse Kelvin temperature, h(r) = g(r) − 1 is the pair correlation function, and c(r) is the direct correlation function defined via the Ornstein-Zernike (OZ) equation,
It is more convenient for numerical work to solve equations (1) and (2) 
These equations are connected through the transforms
following equation (3) and
following equation (4) The SW direct correlation function c(r) is of course discontinuous at r = σ and r = λσ. To compute its Fourier transform (5), we assign the single value of c(r) at a discontinuity to be the arithmetic mean of its separate values at the discontinuity [29] ; e.g.,
We further ensure that the discontinuities fall on calculated grid points in r. Moreover, note that it is only the short-ranged direct correlation function c(r) that is expected to vanish at large r; i.e., its Fourier transform requires c(r max ) = 0, where r max is the cutoff distance in the r grid. In the discrete notation used below, r max = N r ∆r. The pair correlation function h(r), on the other hand, may have whatever long-range tail it wishes without affecting the calculation.
The RHNC closure [23] assumes that the unknown bridge function B(r)
can be approximated by the corresponding known bridge function B 0 (r) of a reference system. Within this approach, just as in the original hypernettedchain closure [30] , the excess Helmholtz free energy per particle can be written in closed form as [23] βA ex
where
Equation (11) calculated as above but with reference system quantities.
Length and energy parameters of the reference system, respectively σ 0 and ǫ 0 , should be optimized by variational minimization to obtain the free energy from equation (8), which leads [31] to the conditions (written here in dimensionless forms)
These guarantee thermodynamic consistency between the direct calculations of the pressure P and internal energy U using g(r),
and the corresponding thermodynamic derivatives of the free energy, βP − ρ = ρ 2 ∂(βA ex /N)/∂ρ and U/N = ∂(βA ex /N)/∂β. At present, however, only the hard sphere (HS) system, with sphere diameter σ 0 but no energy scale, is well enough known to serve as reference system. With this choice, only equation (12) is implemented here for the results of the next section.
We will thus obtain the two main ingredients needed, pressure and chemical potential, in a consistent way with no additional approximations be- For the bridge function, we use the Verlet-Weis-Henderson-Grundke (VWHG) parametrization of HS numerical simulation results [34, 35] . The HS free energy is taken from the Carnahan-Starling equation of state [36] , which is also incorporated into the VWHG parametrization. Other parametrizations exist and in the only previous investigation of the SW fluid with RHNC, at supercritical temperatures, Gil-Villegas et al. [16] used that of Malijevský and Labík [37, 38] and found excellent agreement with computer simulation results for thermodynamics and correlation functions. In the present study we choose VWHG bridge functions because they have been frequently used in RHNC calculations (also for liquid-vapor coexistence of HS Yukawa [39] fluids), thus allowing a direct comparison of the performances of the approximation with different potentials.
Liquid-vapor coexistence
Two-phase coexistence at constant temperature requires the equality of pressure and chemical potential of the two phases; RHNC provides convenient expressions for both quantities,
where we have now specialized the pressure equation (14) for the SW potential and we are using the cavity function y(r) = g(r) exp[βφ(r)], which has no discontinuities. An additional density-independent term from the ideal gas limit has been neglected in the total chemical potential µ.
In order to find the densities of the two coexisting phases, we use the following procedure [41] : we start two calculations, one at low density and the other at high density at the temperature of interest. Then, density is increased from the lowest value and decreased from the highest until either the coexistence conditions are satisfied or the numerical program is unable to converge, even after systematic reduction of the density change, signaling the disappearance of a solution of the integral equation. Conditions of equal pressure and chemical potential are verified by looking for numerical solutions of the nonlinear set of equations,
where ρ g and ρ l denote respectively the density of the gas and of the liq- cases like that in figure 1 , due to the small curvature of the lines and to their strong transversality. Larger extrapolations, like that in figure 4 , appear to introduce uncontrolled uncertainties. Additional comments will be added in the next section.
Results
As a first check of the RHNC quality, we have computed the pressure P and excess chemical potential
for states at high densities with λ = 1.5 examined by Labík et al. There is overall quite good agreement, although the weakening of the RHNC results with increasing density and decreasing temperature, a shortcoming common to all integral equation closures, does become evident.
In tables 1 and 2 we report a few significant comparisons between RHNC thermodynamic and structural results and recent numerical simulation data [42, 8] for SW systems of different range.
We notice a progressive worsening of thermodynamic results for stronger couplings, meaning lower temperatures and higher densities, and for decreasing λ. Such behavior as a function of well width is understandable, since in [8] . the limit of very large λ and vanishing ǫ, the properties of SW fluid should be well described by HS physics, supplemented by the van der Waals mean field approximation. In such a limit RHNC should provide very accurate results. In the opposite case, we would expect the maximum deviation from the hypothesis of universality of the bridge function and then the maximum discrepancy from simulation. In the only previous RHNC study of SW fluid that we are aware of, ref. [16] , a limited analysis of the differences between HS and SW bridge functions has been attempted. In that paper, the authors assumed the same functional form for the bridge function outside the hard core for both HS and SW systems and determined the parameters via a meansquare fitting of Monte Carlo (MC) data via RHNC. Apparently, optimal SW bridge functions should be slightly smaller than the best HS functions for the same system, but we note that the constrained procedure did not allow for qualitative changes of the functional form. We can add that the most important for possible changes is the region within and close to the hard core.
Direct evidence for this comes from a few calculations we performed by modifying the long range part of the bridge function in a very crude way: we made it vanish starting from its first zero. The resulting RHNC solution was almost unaffected by this change, thus confirming that any future effort to improve the bridge function beyond the HS approximation should be focused on the core interval between zero and the HS diameter.
We have studied the RHNC liquid-vapor coexistence of four SW systems of width size λ = 1.25, 1.5, 1.75, and 2. In figures 5-8 we present our results for the coexistence curves of the four SW fluids we have examined.
RHNC data (squares connected by a line) are compared with different sets 
Conclusions
We have shown that RHNC is able to reproduce the low-temperature part of the liquid-vapor phase diagrams of square-well fluids. With increasing temperature and depending on the extent of the attractive well, there is a region of the binodal line that can be obtained by a slight extrapolation of the vapor phase beyond the numerical limit of the quasi-spinodal line. Eventually, approaching the critical temperature, the extrapolation becomes very poor and the shape of the coexistence line is strongly affected. The agreement with the best computer simulations is good for the widest well sizes, but becomes less satisfactory for λ at or below 1.5. Since the only approximation of the theory is the bridge function (apart from inherent limitations of numerical computation), our results point to the need for an improvement of the short range part of the bridge function.
It is interesting to note also that our results are consistent with similar RHNC calculations on the Lennard-Jones fluid [17, 26] , where it is possible to obtain a larger part of the binodal line than in the case of λ = 2, thus confirming our findings on better performances for wider range potentials.
We stress again that the main purpose of the present investigation is not to propose RHNC as an alternative to more refined theories such as SCOZA or HRT when a highly accurate description of the critical properties is required. Rather, we have the more limited goal of checking the ability of the RHNC formulation to provide an approximate but quick tool for locating the liquid-vapor phase transition in SW-like systems. In all the isotropic SW cases we have studied, the theory allows one to predict from scratch an unknown phase coexistence in a computational time that is negligible compared to numerical simulations, using existing numerical techniques for integral equation solutions. Such a feature may only be marginally interesting for isotropic SW fluids, but becomes crucial for anisotropic patchy models of globular macromolecules. We are currently investigating this topic.
After this paper was submitted for publication, a very thorough work on the same topic of liquid-vapor phase equilibrium for the SW fluid using a different integral equation was published by El Mendoub et al. [43] .
their results to ours, we notice that RHNC results for the radial distribution function show a uniform better agreement with simulation data. Since deviations from computer simulation binodal lines shown by their closure and the present study have opposite directions, a detailed comparison between their closure and RHNC would be interesting .
